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J. PHYS. A (PROC. PHYS, 80C.), 1968, SER. 2, VOL. 1. PRINTED IN GREAT BRITAIN

Density-fluctuation approach to the classical plasma

T. GASKELL
Department of Physics, University of Sheffield
MS. received Tth June 1967, in vevised form 30th October 1967

Abstract. In a classical fluid, whose potential energy may be expressed in terms of a
pair potential possessing a Fourier transform, the potential of average force U{ry,) is
closely related to an ensemble average of the reduced density fluctuation

N
2 exp(—ik.r).
1=3
A method is developed of evaluating this ensemble average, and the relationship of
the latter to the three-particle distribution function is explained. The technique is
applied to the electron plasma and U(r:z) is evaluated to second order in the standard
plasma parameter € = e2kp/kaT, a result, which, though not new, is comparatively
easily derived, and the importance of the correct normalization of the radial distri-
bution function
Ui (712)}
ksT

in this problem is stressed. Finally, the possibility of extending the results to values
of € where a series expansion is completely inappropriate is discussed.

glriz) = exp{ -

1. Introduction

The density-fluctuation approach to a classical fluid is discussed in the first part of the
paper, and attention is concentrated on the potential of average force U(r;;) defined
through the radial distribution function g(r,,) by the equation

W)

g(rie) = exp{ -

It is shown how to write U(r,,) in terms of an ensemble average of the reduced density
fluctuation
N

> exp(—ik.r))

i=3

and a method of evaluating this ensemble average is developed. Since the latter is closely
related to the three-particle distribution function, some insight is gained into this also. In
the second part the technique is applied to the classical plasma.

The radial distribution function in an electron plasma has been discussed by a number
of authors in recent years with a view to calculating the thermodynamic properties of the
system beyond the Debye-Hiickel limit. These investigations have used either diagrammatic
techniques, starting from Mayer’s cluster expansion (Abe 1959, Bowers and Salpeter 1960,
De Witt 1965), or the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy equation
(Lamb and Burdick 1964, Gurnsey 1964, Fisher 1964, O’Neil and Rostocker 1965, Lie
and Ichikawa 1966) and have resulted in a correlation energy which is correct to second
order in the plasma parameter € = e¢?kp/kgT, where kp 1s the Debye wave number
(4mne?[ksT)1 12, n being the number density of the electrons. To this order, the correlation
energy is

E
— = —le—1e? loge—4(y—5+4%log3)e? (1)
where y = 0:5772 is the Euler constant and —%e is the correlation energy within the
Debye-Hiickel approximation. An expression for the potential of average force to second
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214 T. Gaskell

order in e is derived here, which, though not new, is comparatively easily obtained once
the formalism is set up, and the importance of the correct normalization of the radial
distribution function in this problem is stressed. Recently the radial distribution function
and thermodynamic properties of a one-component plasma have been investigated, using a
Monte Carlo method (Brush ez al. 1966), over a very wide range of values of € and the
existence of a phase change predicted. The possibility of extending the present approach

to large values of ¢, where the type of expansion of equation (1) is completely inappropriate,
is finally discussed.

2. Equation for the potential of average force

Let us consider a fluid of IV particles in a box of volume V. The radial distribution

function g(r;,) of a system of particles, whose potential energy can be expressed as a sum
of pair potentials ¢(r,)), is given by

g(riz) = V2 f exp{ -

qﬁri-)}dr ... dr
DT, 2, PO 0 e

X [fexp{—ZkiTi‘j(izﬂ) 96(1'”)} dry ... drN] N

in the limit N, V' - oo, such that N/V —n and 7,5 = |r;—r,|. In this case it may be
written

g(ria) = V2 [ exp(— 3 o(k)[exp(ik.r10) + {exp(ik.r;) +exp(ik.ra)}px
k
+%Pk'Pk/*]) drs ... dry

<[ [[espl -5 3 80 s ] @

where v(k) is the Fourier transform of ¢(#)/kzT" and

P’ = % exp(—ik.r,).
Hence j=3
Viglria) = [~ 3 o(k) exp(ik.ri)k—i 3 o(k) exp(ik i) pu Dkle(ri)  (3)
where - -

o'y = f pi exp( = 3 o(k)[{exp(ik. 1) + exp(ik. ro)}pw’ +hou'pu ™) drs ... dry

1 . , :
X [ f exp{ - > q’;(rij)} drg ... drN] , $(r12) now being omitted. 4)
2ksT
Equation (3) is an equation for the potential average force since it may be written
v, U(r : : . : ,
———1-k—B(TﬁZ = z 7o(k) exp(ik.r o)k + % iv(k) exp(ik.r;) {py' Dk. (3)

The evaluation of U(r,,) therefore requires a calculation of the quantity {px’}, and
this problem will now be discussed. If we define

o(n) = exp(in.r;) +exp(in.r,)
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then we have

[ 3 rexp(ie.xpie Vs exp[ 5 olnstmpa’+pa'pn )] des . di

j=3

X [ f exp{ T Z d;(r”)} dr; .. drN]_l

= = 3 o(m)a(n) phsn k.0~ 5 0(n) {plesnpa’* k.10

n

The numerator on the left-hand side may be written

N
> V- {ikexp(—ik.r) exp[ — S o(n}{a(mpn’ +3on'pn*}]| drs .. dry—k2pi >
j=3 n

and, since the first term may be converted to a surface integral and hence shown to be zero,
we have the equation

o' == 7'(”)“(”) {pk+n k. n+ Zv(n) {Pi +nPn* k. 1. (6)

It is more convenient at this stage to define the quantity

(P> = exp(ik.11) {p">
and then equation (5) becomes

V1U(r12)

T = > dv(k) exp(ik.r)k+ > (k) (fy ok (7)
and instead of (6) we have
Px?> =43 Z v(n){1+exp(—in.r5)} Py n k. n+ Z o(1) (P + ™ VK. 1. (8)

The quantity {p)» is a function of k, ;5 and the angle between them, and its connection
with the three-particle distribution function will now be clarified.
The three-particle distribution function of the system, g(r;, ¥y, £3), is given by

gry, 1y, 15) = erxp{ > & r“)} dr, ..

2kBjF 1,305

x [ f exp{ _ZkIBT“z 95(7”)} dr, ...drN]_l 9)

JU#E D

and hence, using the definition of the radial distribution function given earlier, we have

T =Tl

¥ dr
szT“% K m} ..

x [ f exp{—z;BTL% ) ¢(ri,)} dry ... drN] - (10)

For a fluid the three-particle distribution function may be written as g(r, s), where ¢ = r,,
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and s = r;5, and we may therefore write

£(z, s)
&)

= VfS(rl—ra—s) exp{ 2k1 7, S 45(7”)} drg ...dry

(i # )

x [ fexp{ T, mz#]) gﬁ(r”)} dr, .. drN] -

é::fé(rl r; —s)exp{ ZkBT“azﬂ(ﬁ(V“)} dry ... dry

X [fexp{ ZkBT”(%”gﬁ(m }dr3 drN]_l (11)

the last step following because we may choose the third particle from any in the system
apart from 1 and 2. If we express the delta function as the Fourier series

%, % exp{tk.(r;—r;—s)}

it follows immediately from (4) that

, 1
80 5 S Goe(-iky
and since {f,> = N~2 we have
g(rl(j’l:f) ~ 15 3 G (ki) (12)

ng(t1g, ¥15) drs/g(ri) may be interpreted as the number of particles in volume element
dr, when particle 1 is at r; and particle 2 at r,.

3. Application to the electron plasma

We consider a system of N electrons in the presence of a neutralizing background of
positive charge in a box of volume ¥, and for this problem

47re2

ks TVER?

(k) =

the £ = 0 component cancelling with the background of positive charge.

3.1. Random-phase approximation

It should be noted that <p0> N-2, though we shall in future ignore the 2, and that
the random-phase approximation consists in extracting the terms on the right- hand side of
equation (8) with n = —k. Hence, within this approximation,

Py = — No(R){1+exp(ik.1;5)} — No(k) {pi >

so that
No(k){1+exp(ik.r;5)}
g = - . 13
{Pxrra 1+ No(k) (13)

Using equation (7), it follows immediately that

U(r1a) . { No(k) ’}

= k k. le————
= 3 ) explik r| 1=
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and with the usual substitution

2

e, (21;)3 f ak

we have
U(”lz) e? fdk exp(ik. £yg) — 0 — _‘fz_ eXP(—kD”lz)'
ksT kBT(Z k2+k 2 kT 19
The three-particle distribution function may also be immediately evaluated and, in fact,
g(ry, 1o, 13) _ __ei_ exp(—kD|r1—r3[)_i exp(—kpl|ty—13]) (14)
&(r15) kT |ry—15) kT |ty — 1]

a result which clearly becomes invalid if the third particle closely approaches either
particle 1 or 2, but which will have some significance asymptotically. It is the Debye-
Hiickel approximation to this three-particle distribution function. However, the corres-
ponding radial distribution function

e? exp(— kDrm);
kBT 7"12

sometimes referred to as the non-linear Debye-Hiickel result, does not suffer from this
defect as 7;, becomes small. In terms of the dimensionless quantity x = k7 it becomes

g(riz) = eXp{

gx) = eXp(—ee—_-—x)~

x
The correlation energy is given by

E n
keT ZkBTf “{g n-1}

and with the above approximation for g(r) we have, to order €2,
E
ksT

A property of the radial distribution function, which appears to receive little attention is the
normalization condition, namely

n | dr{g(r)-1} = -

This result is a consequence of the model of a plasma we are considering, and guarantees
the physical requirement that there must be just sufficient positive charge around any one
electron for the screening to be complete. A more extensive discussion of this point will
be given in appendix 1. For the present radial distribution function this condition is not
satisfied, and the normalization integral is always greater than —1. To order €,

= —}e—%e?loge—L(y+%log2—3)e. (15)

n [ de(g(r)—1} = —1+}e+}(loge+log3+2y—28)e

If we insist on the correct normalization of g(#)—1 before using it to estimate the energy,
then, to order €2, the result is

E
= —de— 1 loge—(y+1 log2—})e”. (16)

B
The exact coefficient of €2 from (1) is —0:23, that given by (15) is —0-087 and after
normalization it becomes —0-21. In fact, this simple expression for g(#) when normalized
gives surprisingly good results for the energy over a wide range of ¢, as the following table
shows, where a comparison is made with the recent Monte Carlo calculations of Brush et al,
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Table 1. Correlation energy in units of kg T

Normalized
€ Debye-Hiickel =~ Normalization = Debye-Hiickel Monte Carlo  Percus-Yevick
0:01936 ~0-00934 0-995 —0-00939 -0-0128 -0-008
0-05477 —0-0255 0-988 —0-0258 -0-0270 —0-020
1-7321 —0-468 0-871 -0-577 —0:579 ~0-539
4-899 ~0:925 0673 -1:37 -1.338 —1-448
6-844 —1.128 0-454 —1-81 -1.729 —1.903

The results from the Percus-Yevick equation have also been taken from the same
reference. Of course, if we regard the radial distribution function after normalization as
1+ {g(r) = 1}normatizea> then it will have the defect of becoming negative at the origin,
increasingly so as € increases; but as far as the energy is concerned this seems to be relatively
unimportant,

The non-linear Debye-Hiickel result derives from a calculation of U(r,,) to first order
in €; to obtain results to second order, and hence the exact second-order calculation of the
energy, that is equation (1), a more careful analysis of equation (8) is required and this will
now be discussed. '

3.2. Second-order approximation to U(r,,)
Equation (8) may be written
o(R){1+ exp(ik.1;,))
1+ Nuo(k)

1
FTINoE) 1 o " ep(= i riz)) B ke

b LS ) iR -
T No() 2, 2, O Prenfa k2. a7

<15k> =

It is tempting to decouple the last term and write it as {fy 44> <{fn*>, and to attempt to
solve the resulting integral equation by iteration. This leads to an expansion of U(r;,)
in terms of ¢, but does not yield all of the terms up to second order ine. In fact, we obtain
as the first term beyond the random-phase approximation

1 1 5 o(n){1+exp(—in.r)} No(jk+n|)[1+exp{i(k+n).r,}]
1+No(k) B itk 1+ Nuo(n) 1+ No(jk+n))

k.n.
(18)
This consists of a term independent of 7, (which integrates to zero when substituted in (7))
and the following expression:
1 1 s n[ No(|k+n]|) v(n)
1+ No(R) B o2 L1+ No(Jk+n]) 14 No(n)
No(lk+n)) o)
1+ No(|k+nl|) 1+ No(n)

{exp(ik.ryp) +exp(—in.ryo)}

exp{z’(k—l—n).rlz}]. (19)
If in the last term we make the substitution k+n = —s, it becomes

No(s) o([k+s])
- %: k.(s+k) 1+ No(s) 1+ Neo([k+s|)

exp(—178.715)
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and the first term cancels with the second term in (19), which then becomes

1 1 { No(|k+n]) v(n)

, No(|k+n]) v(n) '
—k 1+N7)(\k+ n\) 1+N’0(n)exp(—ln'r12) . (20)

exp(ik.r;5)

It is not difficult to show that the contribution this term makes to U(r;,)/kgT is given by

o(k) 1 No(jk+n|])  o(n)
T LT U No(E) B2 ‘ k.r). 21
% 1+ No(k) & n;_k " 1+ No([k+ n]) 1+ No(n) xp(ik-ri) (1)
Replacing the summations by integrals, we obtain
1 -y —2lx—
e f & xp(=2x-yD) 22
4rd Ty x-yf?

where, as before, x = kpryo. This last step follows immediately when we realize that

1 Nov(|k+n|) z(n) N ko (1 4 47
7.2 E T Nt a]) 15 Vo) n(4‘rr)2l(27r)3k2f Kt Ayt n2+kD2}

and that

4 4 2 ( k )
n-1

———— | dnk.n = — —
(27)%k? f |k + n|?+ kp? 12+ kp? k 2k;,
the Fourier transform of exp(—2kyr)/r?.

To include all of the second-order terms, however, we must evaluate the last term in
equation (17) more accurately. The details are given in appendix 2, where it is shown by
decoupling at a later stage that

Nom){l +exp(—in.r;5)} {Pry 1

(Prenpn*) = — 1+ No(n) <Pk‘L“>__1+Nfu(n) 1+Nv([k+n|)'

(23)

Replacing this expression in (17) and again solving by iteration starting with the random-
phase value of (5>, we obtain, instead of (18),

11 5 v(n){l +exp(—in.ry)} No((k+n|)[1+exp{i(k+mn).r;,}
T 1+ No(R) % a7y 1+ Nu(n) 1+ No((k+n))
No(R){1 +exp(ik.ry,)} -1_ v(n) 1

{1+ No(k)}2 kzn;k1+Nv(n) 1+ No(Jk+n))

k.n. (24)
The first term, of course, is that given in (18), but the second one is new and the contribu-
tion it makes to U(r,)/ksT through equation (7) is
Ne3(k) 1 (1)
z , 2 72 Z -n oy \
w (1+Nov(R)P R itk 1+ No(n) 1+ No(|k+ n|)

e e~ ¥ exp(—2|y—z|) exp(—|z—x|)
szffdydz_y— ly —z|? |z —x| ) (25)

exp(tk.r;,)

3
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Therefore, to second order in €, we have

U(x) e”* iz‘fd e~ ¥ exp(—2|x—yl)

ke T x 4 ¥ |x—y]|?
e e~ ¥ exp(—2|y—z/) exp(= |z ~x|)
_gﬁffdydz_y— ly —z|? |z— x|
— :+,\1(x)+/\2(x). (26)

This is the expression obtained by Bowers and Salpeter, and the correlation energy to
order € is given by

%fj dxx{exp(_ee;) —1}—%f: v x{() + Ag(x)}.

The contribution from the first term has been given in equation (15) and the remaining
contributions are

3 f dx w\y(x) = —3e*(log 3—log 2)
0
and

%f dx xA,(x) = te*(log 3 —log 2—-13).
0

Together they give the exact result quoted in equation (1).
It is quickly shown that with the result (26) the normalization integral is correct to
order €2, that is

n [ dr{g(r)—1} = ~1+0(&).

3.3. Euxtension to large values of ¢

Recently Brush et al., using a Monte Carlo method, have investigated the radial
distribution function and thermodynamic properties of a one-component plasma over a
wide range of values of e. For the range of values they consider it is more appropriate to
introduce the dimensionless parameter I' = ?/r;kgT, where 7, the radius of a sphere
containing one electron, is given by

1

n

3

Wl

T

and to express distances in terms of 74 rather than k™! (e = 4/37%/2). For I' ~ 2 the
radial distribution function ceases to be monotonic, which is characteristic of the Debye-
Hiickel approximation, and begins to show oscillations due to the onset of short-range
order.

If we start from the exact result (17), the simplest approximation in an attempt to
extend the present approach to high values of T is to decouple the last term, that is to write
{Brsn Pu*y a8 Priny{Pfa™>, so that the equation becomes

~Ne(){l+exp(ik.ry)} 1 1 . )
1+ No() TN R 2 SO ep(- i no) Bk n

! 5 ~ %
+m§g§nzkv(n)<f)k+n><f7n >kn (27)

The second term on the right-hand side of (17) arises from the interaction of particles 1
and 2 with the other particles in the system, whilst the last term arises from the mutual

<ﬁk> =
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interaction of these particles. If, after decoupling, we replace {5,*> by its random-phase
value, then (27) becomes

. — No(R){1 + exp(ik.ry,)}
{Pr) =
1+ Nu(k)
1 1 o(n
R O
14+ No(k) k2 22y 1+ No(n)
Thus we see that the decoupling process approximately takes into account the mutual

interaction by assuming that its effect is to screen the interaction between particles 1 and 2
and the rest of the system, since
Nu(n) kp?

1+No(n)  n+ ko

It is hoped to discuss in a subsequent paper the consequences of this approximation by
attempting a numerical solution of equation (27).

{1+exp(—in.ryo)} {Pyin k. n.

4. Conclusions

The density-fluctuation approach appears to be an extremely useful way of discussing
the equilibrium properties of a fluid with long-range interactions. The method involves
the calculation of an ensemble average of the reduced density fluctuation

N

> exp(—ik.r,)

j=3

and, since this is related to the two-particle and three-particle distribution functions,
information is obtained about both.
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Appendix 1
The result

nfdr{g(r)— I}= -1

is a consequence of the model of a plasma we have chosen, namely electrons plus neutralizing
background of positive charge, and can be seen from the following argument. The radial
distribution function for a one-component system, whose potential energy may be expressed
as a sum of pair potentials ¢(#), has the well-known property that

n [ drtetr)-13 = —1+kBT(:;,)T

where the pressure p’ is that given by the virial theorem,

dé
P’ = nkgT—{n? f dr rg(r) R
v

In this problem when we make the substitution

2. (zz)a J
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in the evaluation of g(r) we are calculating the latter for a Coulomb potential ¢(r) = e2/r,
and the isothermal compressibility (1/7)(¢n/dp’)r in the above equation is that for a system
of electrons without the background of positive charge. From the virial result, if we take
the asymptotic limit 1 from g(#), the pressure p’ contains the term

d

—%;nifa’rrjE

d (8p']om)y the ¢ @
an n € term

' om)s s

— r —_—

both of which are infinite as IV — . Hence

on
()
&'/ ¢
in this limit. However, in evaluating the usual expressions for the pressure p or energy E
of the system of electrons and background charge we must carefully remove the 2 =0

component in the Fourier transform of the potential ¢(r), and this leads to the well-known
results for this model, namely

d
p = nkgT—{n? f drr{g(r)— l}j’;

E

S = $haT+1n [ drlg) - 1160).

Appendix 2

To obtain the potential of average force to second order in e, the evaluation of the
expression {fy ., Pn*) is required. By repeating the process used to obtain equation (6),
it may quickly be shown that

1 1
<Pplpnl*> = 'n—zp'n<p1;—n>—'ﬁ Z ”(Z)“(l) <Pl'—npp,>n'l
1

1
— = So() pi-apr o)1 (A1)
i

Some of the individual terms under the summation signs are of order N and must be
treated separately. Hence, with p = k+n, we have

1
Prernpn”™ D = 2 0. (k+0) o> — Ne(n)a(n) {Pic+n?
1 Y,
+g nko(k)a(— £) (Pt npidn ) — No(m) {pksnpn"™ >
1 r ’ 1 ’ ’ ’
T2 n.(k+n)o(lk+ n|) {py'pic+ nPi n? +n—2n~k@(k) {Pk'Pic+nPK+n )

1 1
'—'E z 7)(Z)oc(l) <Pi—npp,>n'l—;;§ Z @(l) <p;—npl’*Pp’>' (AZ)

1#n,~Kk 1#n,-k,k+n
It should be noted that )
{pp'pq*> ~ O(N) if p=gq

and O(1) otherwise. Since we are interested only in terms up to second order in ¢, we may
drop the expressions involving a summation over a third wave number 1 since these give a
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higher-order contribution, We shall also decouple the last two remaining terms in (A2),
and therefore

No(n) ) 1 1
-— 1 —in. Priny +———— —{n.(k 5

1+Nv(n){ +exp(—in. 1)} i+ >+1 + No(n) 72 {n.(k+mn) P>

—n.(k+n)o(k+n]) {Frd PusnPlsn + 0. ko(k) P> Prs Pl + n 0}

1 1 '
+———-1 Vo) g n.ko(R){l +exp(ik.r15)} {PrsnPriny (A3)

If we refer back to equation (A1) withn = p, it follows immediately that within the random-
phase approximation

(Pr+nfn*> =

’ %k N
$po'pp™ ) = ﬂm
or, with p = k-n, the expression relevant to (A3) becomes
~ s N
Pr+nflisny = T+ No(k+a))

which is sufficiently accurate to obtain results correct to order 2. With this further
approximation, (A3) becomes

s nba> ~ _Nv(n){l—l-exp(—in.rm)} Grrs S D {
Pk+nfn” ) = 1+ Nz(n) Pk+n 1+ No(n) 14 No(|k+n))
1+ No(k) 1 1

1+ No(n) 1+ No(|k+ nD'n_z(<ﬁk>— {Pxrra)k.n.

The last term is clearly of the same order as the terms which have been neglected, since to
first order {pr> = {Pu mpa, 50 that we may drop it at this stage and

GrsabitS = _J\f@(n){1+exp(—in.r12)}< 5y 1 B>
Pk+nPn - 1+Nv(n) Pk+n 1+va(lk+nl) 1+]V7)(n)

(A4)
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